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LONG TIME DECAY TO THE SOLUTION TO THE 2D-DQG
EQUATION
JAMEL BENAMEUR AND MOEZ BENHAMED
Abstract. In [1], we prove the well posedness of the quasi-geostrophic equation
(QG)α , 1/2 < α ≤ 1, in the space introduced by Z. Lei and F. Lin in [9]. In
this chapter we discuss the long time behaviour. Mainly, we prove that ‖θ‖X 1−2α
decays to zero as time goes to infinity.
1. Introduction
In this paper, we study the initial value-problem for the two-dimensional quasi-
geostrophic equations with sub-critical dissipation (QG)α,
(QG)α


∂tθ + u.∇θ + kΛ
2αθ = 0,
u = R⊥θ = (−R2θ, R1θ),
θ(0, .) = θ0,
Part1Here 1/2 < α ≤ 1 is a real number and k > 0 is a dissipative coefficient. Λ is
the Riesz potential operator defined by the fractional power of −∆
Λ = (−∆)1/2 and Λ̂g = ̂(−∆)1/2g = |ξ|ĝ.
Thus,
Λ̂2αg = ̂(−∆)αg = |ξ|2αĝ,
where ĝ(ξ) denotes the Fourier transform of g.
θ(x, t) is an unknown scalar function representing potential temperature. u(x, t) is
the velocity field determined by the scalar stream function ψ through
(1.1) u = (u1, u2) =
(
−
∂
∂x2
ψ,
∂
∂x1
ψ
)
= ∇⊥ψ.
And the temperature θ and the stream function ψ are related by
Λψ = −θ,
the relations in (1.1) can be also combined into
u = −∇⊥(−∆)−1/2θ = −R⊥θ = (∂2(−∆)
−1/2θ, −∂1(−∆)
−1/2θ,
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where Rj , j = 1, 2 is the 2D Riesz transform defined by
R̂jf = −
ξj
|ξ|
f̂ .
The 2D quasi-geostrophic fluid is an important model in geophysical fluid dy-
namics, they are special cases of the general quasi-geostrophic approximations for
atmospheric and oceanic fluid flow with the small local Rossby number which ensures
the validity of the geostrophic balance between the pressure gradient and the Coriolis
force (see Pedlosky [10]). Furthermore, this quasi-geostrophic fluid motion equation
shares many features with fundamental fluid motion equations. When k = 0, this
equation is comparable to the vorticity formulation of the Euler equations (see Ma-
jda and Tabak [12]), and (QG)α with α = 0 is similar to a non viscous wind driven
circulation equation (see Pedlosky [10]). What is more, (QG)α with α = 1 shares
similar features with the three-dimensional Navier-Stokes equations. Thus α = 1 is
therefore referred as the critical case, while the cases α > 1, α = 1 and α < 1 are
supercritical and subcritical, respectively.
However, it is desirable to understand the global existence for the dissipative
quasi-geostrophic equation. Existence of a global weak solution was established by
Resnick [3]. Furthermore, in the subcritical case, Constantin and Wu [11] proved
that every sufficiently smooth initial data give rise to a unique global smooth so-
lution. In the critical case, α = 1/2, Constantin, Cordoba and Wu [7] established
the existence of a unique global classical solution corresponding to any initial data
that are small in L∞. The assumption requiring smallness in L∞ was removed by
Caffarelli and Vasseur [8], Kiselev, Nazarov and Volberg [4] and Dong and Du [2].
In [4] the authors proved persistence of a global solution in C∞ corresponding to
any C∞ periodic initial data. Chae and Lee [6] obtained the global existence and
uniqueness of solutions for data in the Besov space B2−γ2,1 with a small B˙
2−γ
2,1 norm.
Recently, Benameur and Benhamed [1] proved the global existence for the dissi-
pative quasi-geostrophic for a small initial data. They introduce the critical space
defined by
(1.2) X σ(R2) =
{
f ∈ S ′(R2); (ξ 7→ |ξ|σf̂(ξ)) ∈ L1(R2)
}
.
More precisely
Theorem 1.1. Let θ0 ∈ X 1−2α(R2). There is a time T > 0 and unique solution
θ ∈ C([0, T ],X 1−2α(R2)) of (QG)α, moreover θ ∈ L
1([0, T ],X 1(R2)). If ‖θ0‖X 1−2α <
1/4, the solution is global and
(1.3) ‖θ‖X 1−2α +
1− 4‖θ0‖X 1−2α
2
∫ t
0
‖θ‖X 1 ≤ ‖θ
0‖X 1−2α , ∀t ≥ 0.
The main purpose of this work is study the long time limit of the solutions of
two-dimensional quasi-geostrophic equation (QG)α when 1/2 < α < 1, in this case
Niche and Schonbek [5] prove that if the initial data θ0 is in L2(R2), then the L2
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norm of the solution tends to zero but with no uniform rate, that is, there are so-
lutions with arbitrary slow decay. If θ0 ∈ Lp(R2), with 1 ≤ p ≤ 2, they obtain a
uniform decay rate in L2.
We state now our main result.
Theorem 1.2. Let 2/3 < α < 1 and θ ∈ C(R+,X 1−2α(R2)) be a global solution of
(QG)α given by Theorem 1.1. Then
(1.4) lim
t→∞
‖θ‖X 1−2α = 0.
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